Abstract. We demonstrate that Martin's axiom for σ-centered notions of forcing implies the existence of a van der Waerden space that is not a Hindman space. Our proof is an adaptation of the one given by M. Kojman and S. Shelah that such a space exists if one assumes the continuum hypothesis to be true.
For the most part, we use standard set-theoretic language and notation, as presented in [4] and [8] . All topological spaces are assumed to be Hausdorff.
An infinite set A ∈ [ω] ω is an AP-set if it includes arbitrarily long finite arithmetic progressions. It is an IP-set if there is an infinite set B ∈ [ω] ω for which F S(B) = { F : ∅ = F ∈ [B] <ω }, the collection of nonempty finite sums of B, is contained in A. Note that ω is both an AP-set and an IP-set.
Theorem 1 (van der Waerden, [9]). If an AP-set is partitioned into finitely many classes, then one of the classes must also be an AP-set.
Theorem 2 (Hindman, [3] ). If an IP-set is partitioned into finitely many classes, then one of the classes must also be an IP-set.
Let X be a topological space. Then X is a van der Waerden space if every sequence {x n : n < ω} in X has a convergent subsequence {x n : n ∈ A} where A is an AP-set. A sequence {x n : n ∈ F S(B)} in X is IP-convergent to x ∈ X if for every open neighborhood U of x there is an m < ω so that
Then X is a Hindman space if every sequence {x n : n < ω} in X has an IPconvergent subsequence {x n : x ∈ F S(B)} for some infinite B ∈ [ω] ω . The notion of IP-convergence was introduced by Furstenberg and Weiss in [2] , while van der Waerden and Hindman spaces were first explored by Kojman in [7] and [5] , respectively.
Theorems 1 and 2 together imply that all finite spaces are both van der Waerden and Hindman. In [7] and [5] , Kojman proved that the classes of van der Waerden and Hindman spaces are each closed under finite products and properly contained in the class of sequentially compact spaces, and that any space in which the closure of any countable set is both compact and first countable belongs to both classes as well. These results certainly suggest the question of whether the two classes of spaces coincide, a question that Kojman and Shelah partially answered in [6] .
An epiphany is a maximal almost disjoint family M ⊆ [ω] ω such that each member of M is not an IP-set and such that for each AP-set A and each finite-toone function f : A → ω there is an AP-set B ⊆ A so that f [B] is contained in some element of M.
Theorem 3 (Kojman and Shelah, [6]). If there is an epiphany, then there is a (compact) van der Waerden space that is not a Hindman space.
In [6] , Kojman and Shelah proved that the continuum hypothesis implied the existence of an epiphany, and thus the existence of a space that is van der Waerden but not Hindman. Our goal is to prove that this same conclusion holds whenever Martin's axiom is true.
Proposition 4. Martin's axiom implies that there is an epiphany.
Proof. Let {(A α , f α ) : ω ≤ α < c} be an enumeration of all AP-sets A α and finiteto-one functions f α : A α → ω. We will construct M = {M α : α < c} by recursion on α < c, and begin the construction by letting {M n : n < ω} be any pairwise disjoint collection of non-IP-sets.
Assuming only that {M β : β < α} have been successfully articulated, we must define M α . Consider A α and f α :
Otherwise, we will use Martin's axiom to produce an AP-set B ⊆ A α for which
is a non-IP-set that is almost disjoint from each previously defined M β .
Define a notion of forcing P as follows. Note that
Claim 4.1. For each n < ω, the set A n of all p ∈ P for which B p includes an n-term arithmetic progression is dense in P.
Proof. Let p = (B p , F p ) be an arbitrary element of P. As we noted above,
r < m} is a partition of all but finitely many elements of A into finitely many classes. By Theorem 1, there must be r < m so that A ∩ f C, F p ) . Clearly, q p and B q includes an n-term arithmetic progression. Thus, A n is dense in P.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Claim 4.2. For each β < α, the set B β of all p ∈ P for which β ∈ F p is dense in P.
Proof. Let p = (B p , F p ) be an arbitrary element of P. Let q = (B p , F p ∪ {β}) . Clearly, q p. Thus, B β is dense in P.
Proof. Clearly, any p, q ∈ P with B p = B q are compatible.
We may therefore use Martin's axiom to find a filter G ⊆ P that simultaneously meets each A n for n < ω and each B β for β < α. Once such a filter has been found, let B = {B p : p ∈ G}. That G meets A n for each n < ω ensures that B is an AP-set, and that G meets B β for each β < α ensures that f α [B] is almost disjoint from each M β for β < α. It is easily verified that lim n→∞ (b n+1 − b n ) = ∞, where b n is the nth element of f α [B] in increasing order for each n < ω. This is enough to ensure that f α [B] is not an IP-set. Let
Let M = {M α : α < c}. We need only verify that M is an epiphany. Clearly, each element of M is not an IP-set. Suppose that A is an AP-set and f : A → ω is a finite-to-one function. Then there must be an infinite α < c with A = A α and f = f α . If there is β < α so that The proof actually shows that the same conclusion follows from Martin's axiom restricted to σ-centered forcings. In [1] , M. Bell proved that this weakened version of Martin's axiom is equivalent to the assertion that p = c.
Corollary 5. Assume that p = c. Then there is a van der Waerden space that is not a Hindman space.
Proof. This now follows directly from Theorem 3 and our proof of Proposition 4. Question 1. Is it consistent that there is a Hindman space that is not a van der Waerden space? Question 2. Is it consistent that all Hindman spaces are van der Waerden spaces and vice versa?
